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The concatenated Greenberger-Horne-Zeilinger (C-GHZ) state has great potential application in
the future quantum network, for it is robust to the decoherence in a noisy environment. In the
paper, we propose a complete C-GHZ state analysis protocol with the help of some auxiliary single
atoms trapped in the low-quality cavities. In the protocol, we essentially make the parity check for
the photonic states based on the photonic Faraday rotation effect, and complete the analysis task
combined with the Hadamard operation and single qubit measurement. The success probability of
our protocol can reach 100% in principle, and the number of physical qubit encoded in each logic
qubit does not affect the analysis. Our analysis protocol may have its practical application in future
long-distance quantum communication.
PACS numbers: 03.67.Mn, 03.67.-a, 42.50.Dv
I. INTRODUCTION
Entanglement is the key resource of quantum information processing (QIP). Entangled qubits are required for many
important branches of QIP, such as quantum teleportation [1], quantum key distribution (QKD) [2], quantum secure
direct communication (QSDC) [3, 4], and quantum repeaters [5]. Recently, the multi-particle systems attract more and
more attentions. For instance, the Greenberger-Horne-Zeilinger (GHZ) state is one of the most important resources
in QIP. Due to the large information capacity, GHZ states play an important role in the foundations of quantum
mechanics measurement theory and quantum communication [6–9]. In practical applications, the ideal quantum
states are the maximally entangled states. However, due to the environmental noise, the decoherence problem is
inevitable in practical applications. The decoherence greatly limits the building of high-quality quantum channel,
even more, it may cause the quantum communication insecure. For dealing with the decoherence problem, people
proposed large number of approaches, such as entanglement purification [10–19], entanglement concentration [20–26],
and entanglement amplification [27–29]. Recently, a new kind of multi-particle quantum state, which is called the
concatenated Greenberger-Horne-Zeilinger (C-GHZ) state has attracted high attention [30–35]. It is also called the
macroscopic Schro¨dinger’s cat superposed state. For the common quantum states, people usually encode quantum
qubit in physical qubit directly, while for the C-GHZ state, the parties encode many physical qubits in a logic qubit.
The typical C-GHZ state can be written as
|Φ±1 〉N,m =
1√
2
(|GHZ+m〉⊗N ± |GHZ−m〉⊗N ). (1)
Here, |GHZ±m〉 = 1√2 (|0〉⊗m ± |1〉⊗m). N and m are the logic qubit number and physical qubit number in each logic
qubit, respectively. This C-GHZ state shows similar features as the common GHZ state. However, comparing with
common GHZ state, the C-GHZ state has a highly attractive feature, that is, it is robust to the decoherence in a
noisy environment [30, 32]. Due to the robust feature, the C-GHZ state has great application potential in the future
long-distance quantum communication. In 2014, Lu et al. demonstrated the first experiment to prepare the C-GHZ
state with M = 2 and N = 3 in an optical system. They also verified that the C-GHZ state can tolerate more bit-flip
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2and phase shift noise than polarized GHZ state. Therefore, the C-GHZ state is useful for large-scale fibre-based
quantum networks and multipartite QKD schemes [32].
The quantum state analysis, which is the discrimination between the maximally entangled quantum states is quite
important in various applications. The most common quantum state analysis is called the Bell-state analysis (BSA),
which is for the two-particle entangled system. There are usually three different kinds of methods to realize the BSA.
The first one is totally in linear optics [36, 37]. However, the success probability of the BSA approaches with only
linear optical elements can only reach 50%, so that the first kind of BSA approaches can not perform complete BSA
[36, 37]. The second kind of methods still requires the linear optical elements but resorts to the hyperentanglement
[38–41]. For example, in 2003, Walborn et al. once proposed a hyperentanglement-assisted BSA approach. In their
approach, the hyperentangled state is prepared in polarization and momentum degrees of freedom. They can realize
the complete BSA for both the momentum and polarization entangled Bell-states [38]. The third kind of methods
adopt the nonlinear optical elements, such as the cross-Kerr nonlinearity and the quantum-dot system [42–46] to
realize the complete BSA. For example, some groups adopt the cross-Kerr nonlinearity to construct the complete
parity-check measurement (PCM) gate, which can distinguish the even parity states |H〉|H〉 and |V 〉|V 〉 from the odd
parity states |H〉|V 〉 and |V 〉|H〉 [42, 46]. Although the analysis for GHZ states has been widely discussed [43, 47–52],
most analysis protocols can not deal with the C-GHZ states. Recently, Sheng and Zhou proposed two complete BSA
protocols for the C-GHZ state with the help of the controlled-not (CNOT) gate and the cross-Kerr nonlinearity,
respectively [53, 54]. Unfortunately, the CNOT gate and the cross-Kerr nonlinearity are difficult to realize in current
experimental condition, which limits the application of the two analysis protocols. Lee et al. proposed a partially
BSA protocol for another type of logic-qubit entanglement in the linear optics [55].
On the other hand, the cavity quantum electrodynamics (QED) is a promising platform for performing quantum
information tasks, due to the controllable interaction between atoms and photons. In 2009, the group of An successfully
implemented QIP based on the photonic Faraday rotation [56]. This method works in the low-quality (Q) cavities
and only involves the virtual excitation of atoms. Therefore, it is insensitive to both the cavity decay and the atomic
spontaneous emission. Following this scheme, various works based on the photonic Faraday rotation effect in the
low-Q cavity have been presented, such as quantum logic gate [57], QIP in decoherence-free subspace [58], quantum
teleportation [59], and entanglement detection [60, 61]. Recently, with the help of Faraday rotation, Wei and Deng
designed some compact quantum gates [62, 63]. Their works proved that the universal quantum computation can be
realized. Recently, we proposed a complete logic Bell-state analysis (LBSA) protocol with the help of the photonic
Faraday rotation in low-Q cavity [64]. Actually, the logic Bell-state is the special case of the C-GHZ state with N = 2.
In this paper, we will put forward a complete analysis protocol for the C-GHZ state with arbitrary N and m based
on the photonic Faraday rotation in low-Q cavity. Due to the attractive possible applications of the C-GHZ state,
our analysis may be useful in the future QIP field.
This paper is organized as follows: In section 2, we will introduce the basic principle of the photonic Faraday
rotation. In section 3, we will describe our complete analysis protocol for arbitrary C-GHZ state in detail. In section
4, we make a discussion and conclusion.
II. BASIC PRINCIPLE OF THE PHOTONIC FARADAY ROTATION
FIG. 1: The atomic structure in a low-Q cavity field. A three-level atom is trapped in a low-Q cavity (a). It has an excited
state |e〉 and two degenerate ground states |gL〉 and |gR〉. The transition between |gL〉 and |e〉 is assisted with a left-circularly
polarized photon (|L〉), and the transition between |gR〉 and |e〉 is assisted with a right-circularly polarized photon (|R〉),
respectively. (b).
3Our analysis protocol is based on the photonic Faraday rotation in low-Q cavity. In this way, we first introduce its
basic principle briefly. As shown in Fig. 1, a three-level atom is trapped in the one-side low-Q cavity. The states |gL〉
and |gR〉 represent the two Zeeman sublevels of its degenerate ground state, and |e〉 represents its excited state. A
single photon pulse with frequency ωp enters the cavity and reacts with the three-level atom. The transition between
|gL〉 and |e〉 is assisted with a left-circularly polarized photon (|L〉), and the transition between |gR〉 and |e〉 is assisted
with a right-circularly polarized photon (|R〉), respectively.
Based on the researches of Res. [56, 59, 65, 66], by solving the Langevin equations of motion for cavity and atomic
lowering operators analytically, we can obtain the general expression of the reflection coefficient of the atom-cavity
system in the form of
r(ωp) ≡
aout,j(t)
ain,j(t)
=
[i(ωc − ωp)− κ2 ][i(ω0 − ωp) + γ2 ] + λ2
[i(ωc − ωp) + κ2 ][i(ω0 − ωp) + γ2 ] + λ2
. (2)
Here, ain(t) and aout(t) are the cavity input operator and cavity output operator, respectively. κ and γ are the
cavity damping rate and atomic decay rate, respectively. ωc, and ω0 are the frequency of the cavity and the atom,
respectively, and λ is the atom-cavity coupling strength. From Eq. (2), if the atom uncouples to the cavity, which
makes λ = 0, we can simplify r(ωp) to
r0(ωp) =
i(ωc − ωp)− κ2
i(ωc − ωp) + κ2
. (3)
Eq. (3) can be written as a pure phase shift r0(ωp) = e
iφ0 . On the other hand, in the interaction process, as the
photon experiences an extremely weak absorption, we can consider that the output reflected photon only experiences
a pure phase shift without any absorption. In this way, the expression of r(ωp) can be simplified to r(ωp) ≃ eiφ.
Therefore, if the photon pulse takes action, the output photon state will convert to |ϕout〉 = r(ωp)|L(R)〉 ≃ eiφ|L(R)〉,
otherwise, the single-photon would only sense the empty cavity, and the output photon state will convert to |ϕout〉 =
r0(ωp)|L(R)〉 = eiφ0 |L(R)〉.
In this way, for an input single-photon state |ϕin〉 = 1√2 (|L〉 + |R〉), if the initial atom state is |gL〉, the output
photon state can evolve to
|ϕout〉− = 1√
2
(eiφ|L〉+ eiφ0 |R〉), (4)
while if the initial atom state is |gR〉, the output photon state will evolve to
|ϕout〉+ = 1√
2
(eiφ0 |L〉+ eiφ|R〉). (5)
Based on Eq. (4) and Eq. (5), the angle Θ−F = φ0 − φ or Θ+F = φ− φ0 is defined as the photonic Faraday rotation.
In Eq. (2) and Eq. (3), it can be found that in a certain case, i.e., ω0 = ωc, ωp = ωc− κ2 , and λ = κ2 , we can obtain
φ = pi and φ0 =
pi
2 , so that the relation between the input and output photonic state can be written as [60, 61, 67]
|L〉|gL〉 → −|L〉|gL〉, |R〉|gL〉 → i|R〉|gL〉,
|L〉|gR〉 → i|L〉|gR〉, |R〉|gR〉 → −|R〉|gR〉. (6)
III. THE COMPLETE C-GHZ STATE ANALYSIS WITH N = 3
In the section, we introduce the complete analysis protocol for the C-GHZ states under a simply case, say N = 3.
For simplicity, we first suppose only two physical qubits encoded in each logic qubit, that is, m = 2. Under this case,
we can write eight C-GHZ states as
|Φ±1 〉3,2 =
1√
2
(|φ+〉A|φ+〉B |φ+〉C ± |φ−〉A|φ−〉B|φ−〉C),
|Φ±2 〉3,2 =
1√
2
(|φ−〉A|φ+〉B |φ+〉C ± |φ+〉A|φ−〉B|φ−〉C),
|Φ±3 〉3,2 =
1√
2
(|φ+〉A|φ−〉B |φ+〉C ± |φ−〉A|φ+〉B|φ−〉C),
|Φ±4 〉3,2 =
1√
2
(|φ+〉A|φ+〉B |φ−〉C ± |φ−〉A|φ−〉B|φ+〉C), (7)
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FIG. 2: The schematic drawing of the complete analysis protocol for the C-GHZ states with N = 3 and m = 2. The parties
make five three-level atoms ”1”, ”2”, ”3”, ”4”, and ”5” trap in five low-Q cavities, respectively. The first four atoms are
prepared in the same state of 1√
2
(|gL〉 + |gR〉), and the atom ”5” is prepared in |gL〉. HWP represents the half-wave plate,
which makes |L〉 → 1√
2
(|L〉+ |R〉) and |R〉 → 1√
2
(|L〉− |R〉). The ”Delay” represents the time-delay setup, which is adopted to
ensure each cavity only contains one photon at a time. After the photon-atom interaction, the photons are reflected and exit
the cavity.
where
|φ±〉 = 1√
2
(|L〉|L〉 ± |R〉|R〉),
|ψ±〉 = 1√
2
(|L〉|R〉 ± |R〉|L〉). (8)
The schematic drawing of our complete analysis protocol is shown in Fig. 2. The protocol includes two steps. In
the first step, we first make each of the photons pass through a half-wave plate (HWP). In essence, the HWP plays
the role of the Hadamard operation, which makes |L〉 → 1√
2
(|L〉 + |R〉) and |R〉 → 1√
2
(|L〉 − |R〉). After the HWP,
|φ+〉 will not change, while |φ−〉 will change to |ψ+〉. In this way, after the HWPs, the eight C-GHZ states in Eq. (7)
will evolve to
|Φ±1 〉3,2 =
1√
2
(|φ+〉A|φ+〉B |φ+〉C ± |ψ+〉A|ψ+〉B|ψ+〉C),
|Φ±2 〉3,2 =
1√
2
(|ψ+〉A|φ+〉B|φ+〉C ± |φ+〉A|ψ+〉B|ψ+〉C),
|Φ±3 〉3,2 =
1√
2
(|φ+〉A|ψ+〉B|φ+〉C ± |ψ+〉A|φ+〉B|ψ+〉C),
|Φ±4 〉3,2 =
1√
2
(|φ+〉A|φ+〉B |ψ+〉C ± |ψ+〉A|ψ+〉B|φ+〉C). (9)
The parties make four three-level atoms, here named atom ”1”, ”2”, ”3”, and ”4” trap in four low-Q cavities,
respectively. The four atoms are prepared in the same states as |Ω1〉 = |Ω2〉 = |Ω3〉 = |Ω4〉 = 1√2 (|gL〉+ |gR〉). Then,
the parties make the photons in a1b1 and a2b2 spatial modes pass through the cavities and interact with the atoms
”1” and 2, respectively. After the photons in b1 and b2 modes exiting the cavities, the parties make the photons in
b1c1 and b2c2 modes enter another two cavities and interact with the atoms ”3” and ”4”, respectively. It is noticed
that we should ensure that only a photon interacts with the atom at a time. In this way, we adopt the setup ”Delay”
to exactly control the time of the photon entering the cavity. For example, as shown in Fig. 2, we first let the photon
in a1 mode interact with the atom ”1”. After the photon is reflected and exits the cavity, we let the photon in b1
mode enter the cavity.
If the initial C-GHZ state is |Φ±1 〉3,2, the photon state combined with the four atom states can be written as
|Φ±1 〉3,2 ⊗ |Ω1〉 ⊗ |Ω2〉 ⊗ |Ω3〉 ⊗ |Ω4〉
=
1√
2
[
1√
2
(|LL〉a1a2 + |RR〉a1a2) 1√
2
(|LL〉b1b2 + |RR〉b1b2) 1√
2
(|LL〉c1c2 + |RR〉c1c2)
± 1√
2
(|LR〉a1a2 + |RL〉a1a2) 1√
2
(|LR〉b1b2 + |RL〉b1b2) 1√
2
(|LR〉c1c2 + |RL〉c1c2)]
⊗ 1√
2
(|gL〉1 + |gR〉1)⊗ 1√
2
(|gL〉2 + |gR〉2)⊗ 1√
2
(|gL〉3 + |gR〉3)⊗ 1√
2
(|gL〉4 + |gR〉4)
5=
1
4
[(|L〉a1|L〉a2|L〉b1|L〉b2|L〉c1|L〉c2 + |L〉a1|L〉a2|L〉b1|L〉b2|R〉c1|R〉c2 + |L〉a1|L〉a2|R〉b1|R〉b2|L〉c1|L〉c2
+ |L〉a1|L〉a2|R〉b1|R〉b2|R〉c1|R〉c2 + |R〉a1|R〉a2|L〉b1|L〉b2|L〉c1|L〉c2 + |R〉a1|R〉a2|L〉b1|L〉b2|R〉c1|R〉c2
+ |R〉a1|R〉a2|R〉b1|R〉b2|L〉c1|L〉c2 + |R〉a1|R〉a2|R〉b1|R〉b2|R〉c1|R〉c2)± (|L〉a1|R〉a2|L〉b1|R〉b2|L〉c1|R〉c2
+ |L〉a1|R〉a2|L〉b1|R〉b2|R〉c1|L〉c2 + |L〉a1|R〉a2|R〉b1|L〉b2|L〉c1|R〉c2 + |L〉a1|R〉a2|R〉b1|L〉b2|R〉c1|L〉c2
+ |R〉a1|L〉a2|L〉b1|R〉b2|L〉c1|R〉c2 + |R〉a1|L〉a2|L〉b1|R〉b2|R〉c1|L〉c2 + |R〉a1|L〉a2|R〉b1|L〉b2|L〉c1|R〉c2
+ |R〉a1|L〉a2|R〉b1|L〉b2|R〉c1|L〉c2)]⊗ 1√
2
(|gL〉1 + |gR〉1)⊗ 1√
2
(|gL〉2 + |gR〉2)
⊗ 1√
2
(|gL〉3 + |gR〉3)⊗ 1√
2
(|gL〉4 + |gR〉4). (10)
According to the input-output relation in Eq. (6), after the cavities, the states in Eq. (10) will evolve to
|Φ±1 〉3,2 ⊗ |Ω1〉 ⊗ |Ω2〉 ⊗ |Ω3〉 ⊗ |Ω4〉
→ 1
16
[(|L〉a1|L〉b1|L〉c1 ± |R〉a1|R〉b1|R〉c1)⊗ (|L〉a2|L〉b2|L〉c2 ± |R〉a2|R〉b2|R〉c2)
⊗ (|gL〉1 − |gR〉1)⊗ (|gL〉2 − |gR〉2)⊗ (|gL〉3 − |gR〉3)⊗ (|gL〉4 − |gR〉4)
+ (|L〉a1|R〉b1|L〉c1 ± |R〉a1|L〉b1|R〉c1)⊗ (|L〉a2|R〉b2|L〉c2 ± |R〉a2|L〉b2|R〉c2)
⊗ (|gL〉1 + |gR〉1)⊗ (|gL〉2 + |gR〉2)⊗ (|gL〉3 + |gR〉3)⊗ (|gL〉4 + |gR〉4)
+ (|L〉a1|L〉b1|R〉c1 ∓ |R〉a1|R〉b1|L〉c1)⊗ (|L〉a2|L〉b2|R〉c2 ∓ |R〉a2|R〉b2|L〉c2)
⊗ (|gL〉1 − |gR〉1)⊗ (|gL〉2 − |gR〉2)⊗ (|gL〉3 + |gR〉3)⊗ (|gL〉4 + |gR〉4)
+ (|L〉a1|R〉b1|R〉c1 ∓ |R〉a1|L〉b1|L〉c1)⊗ (|L〉a2|R〉b2|R〉c2 ∓ |R〉a2|L〉b2|L〉c2)
⊗ (|gL〉1 + |gR〉1)⊗ (|gL〉2 + |gR〉2)⊗ (|gL〉3 − |gR〉3)⊗ (|gL〉4 − |gR〉4)]. (11)
Similarly, we can also obtain the other six cases. If the initial logic GHZ state is |Φ±2 〉3,2, after the cavities, we can
obtain
|Φ±2 〉3,2 ⊗ |Ω1〉 ⊗ |Ω2〉 ⊗ |Ω3〉 ⊗ |Ω4〉
→ 1
16
[(|L〉a1|L〉b1|L〉c1 ± |R〉a1|R〉b1|R〉c1)⊗ (|R〉a2|L〉b2|L〉c2 ∓ |L〉a2|R〉b2|R〉c2)
⊗ (|gL〉1 − |gR〉1)⊗ (|gL〉2 + |gR〉2)⊗ (|gL〉3 − |gR〉3)⊗ (|gL〉4 − |gR〉4)
+ (|R〉a1|L〉b1|L〉c1 ∓ |L〉a1|R〉b1|R〉c1)⊗ (|L〉a2|L〉b2|L〉c2 ± |R〉a2|R〉b2|R〉c2)
⊗ (|gL〉1 + |gR〉1)⊗ (|gL〉2 − |gR〉2)⊗ (|gL〉3 − |gR〉3)⊗ (|gL〉4 − |gR〉4)
+ (|L〉a1|R〉b1|L〉c1 ± |R〉a1|L〉b1|R〉c1)⊗ (−|R〉a2|R〉b2|L〉c2 ± |L〉a2|L〉b2|R〉c2)
⊗ (|gL〉1 + |gR〉1)⊗ (|gL〉2 − |gR〉2)⊗ (|gL〉3 + |gR〉3)⊗ (|gL〉4 + |gR〉4)
+ (|L〉a1|L〉b1|R〉c1 ∓ |R〉a1|R〉b1|L〉c1)⊗ (|R〉a2|L〉b2|R〉c2 ± |L〉a2|R〉b2|L〉c2)
⊗ (|gL〉1 − |gR〉1)⊗ (|gL〉2 + |gR〉2)⊗ (|gL〉3 + |gR〉3)⊗ (|gL〉4 + |gR〉4)]. (12)
For |Φ±3 〉3,2, the photon state combined with four atom states will evolve to
|Φ±3 〉3,2 ⊗ |Ω1〉 ⊗ |Ω2〉 ⊗ |Ω3〉 ⊗ |Ω4〉
→ 1
16
[(|L〉a1|L〉b1|L〉c1 ± |R〉a1|R〉b1|R〉c1)⊗ (|L〉a2|R〉b2|L〉c2 ∓ |R〉a2|L〉b2|R〉c2)
⊗ (|gL〉1 − |gR〉1)⊗ (|gL〉2 + |gR〉2)⊗ (|gL〉3 − |gR〉3)⊗ (|gL〉4 + |gR〉4)
+ (|L〉a1|R〉b1|L〉c1 ± |R〉a1|R〉b1|L〉c1)⊗ (|L〉a2|L〉b2|L〉c2 ± |R〉a2|R〉b2|R〉c2)
⊗ (|gL〉1 + |gR〉1)⊗ (|gL〉2 − |gR〉2)⊗ (|gL〉3 + |gR〉3)⊗ (|gL〉4 − |gR〉4)
+ (|L〉a1|L〉b1|R〉c1 ∓ |R〉a1|R〉b1|L〉c1)⊗ (−|L〉a2|R〉b2|R〉c2 ± |R〉a2|L〉b2|L〉c2)
⊗ (|gL〉1 − |gR〉1)⊗ (|gL〉2 + |gR〉2)⊗ (|gL〉3 + |gR〉3)⊗ (|gL〉4 − |gR〉4)
+ (|L〉a1|R〉b1|R〉c1 ∓ |R〉a1|L〉b1|L〉c1)⊗ (−|L〉a2|L〉b2|R〉c2 ± |R〉a2|R〉b2|L〉c2)
⊗ (|gL〉1 + |gR〉1)⊗ (|gL〉2 − |gR〉2)⊗ (|gL〉3 − |gR〉3)⊗ (|gL〉4 + |gR〉4)]. (13)
Finally, |Φ±4 〉3,2 combined with four atom states will evolve to
|Φ±4 〉3,2 ⊗ |Ω1〉 ⊗ |Ω2〉 ⊗ |Ω3〉 ⊗ |Ω4〉
6→ 1
16
[(|L〉a1|L〉b1|L〉c1 ± |R〉a1|R〉b1|R〉c1)⊗ (|L〉a2|L〉b2|R〉c2 ∓ |R〉a2|R〉b2|L〉c2)
⊗ (|gL〉1 − |gR〉1)⊗ (|gL〉2 − |gR〉2)⊗ (|gL〉3 − |gR〉3)⊗ (|gL〉4 + |gR〉4)
+ (|L〉a1|L〉b1|R〉c1 ∓ |R〉a1|R〉b1|L〉c1)⊗ (|L〉a2|L〉b2|L〉c2 ± |R〉a2|R〉b2|R〉c2)
⊗ (|gL〉1 − |gR〉1)⊗ (|gL〉2 − |gR〉2)⊗ (|gL〉3 + |gR〉3)⊗ (|gL〉4 − |gR〉4)
+ (|L〉a1|R〉b1|L〉c1 ± |R〉a1|L〉b1|R〉c1)⊗ (−|L〉a2|R〉b2|R〉c2 ± |R〉a2|L〉b2|L〉c2)
⊗ (|gL〉1 + |gR〉1)⊗ (|gL〉2 + |gR〉2)⊗ (|gL〉3 + |gR〉3)⊗ (|gL〉4 − |gR〉4)
+ (−|L〉a1|R〉b1|R〉c1 ± |R〉a1|L〉b1|L〉c1)⊗ (|L〉a2|R〉b2|L〉c2 ± |R〉a2|L〉b2|R〉c2)
⊗ (|gL〉1 + |gR〉1)⊗ (|gL〉2 + |gR〉2)⊗ (|gL〉3 − |gR〉3)⊗ (|gL〉4 + |gR〉4)]. (14)
After all the photons exiting the cavities, we perform the Hadamard operations on the atoms ”1”, ”2”, ”3”, and
”4”, respectively. The Hadamard operation will make |gL〉 → 1√2 (|gL〉 + |gR〉), and |gR〉 →
1√
2
(|gL〉 − |gR〉). Af-
ter that, we measure the atom states of the four atoms. From Eqs. (11)-(14), it can be found that under the
case that the initial photon state is |Φ±1 〉3,2, the measurement results of the atoms ”1” and ”2”, ”3” and ”4” are
always the same, that is, if the measurement result of atom ”1” (”3”) is |gL〉, the measurement result of atom
”2” (”4”) is also |gL〉, while if the measurement result of atom ”1” (”3”) is |gR〉, that of atom ”2” (”4”) must be
|gR〉. For |Φ±2 〉3,2, the measurement results of atom ”1” and ”2” are different, that is, if the measurement result
of atom ”1” is |gL〉, the measurement result of atom ”2” must be |gR〉, and vice versa. On the other hand, the
measurement results of atom ”3” and ”4” are the same. For the initial state of |Φ±3 〉3,2, both the measurement
results of the atoms ”1” and ”2”, ”3” and ”4” are different. For the initial state of |Φ±4 〉3,2, the measurement
results of atom ”1” and ”2” are the same, while those of atom ”3” and ”4” are different. Therefore, accord-
ing to the measurement results of the four atoms, we can divide the eight C-GHZ states in Eq. (7) into four
groups {|Φ±1 〉3,2}, {|Φ±2 〉3,2}, {|Φ±3 〉3,2}, and {|Φ±4 〉3,2}. In detail, if the measurement result is |gR〉1|gR〉2|gR〉3|gR〉4,
|gL〉1|gL〉2|gL〉3|gL〉4, |gR〉1|gR〉2|gL〉3|gL〉4, or |gL〉1|gL〉2|gR〉3|gR〉4, the initial state must be |Φ±1 〉3,2. If the mea-
surement result is |gR〉1|gL〉2|gR〉3|gR〉4, |gL〉1|gR〉2|gR〉3|gR〉4, |gL〉1|gR〉2|gL〉3|gL〉4, or |gR〉1|gL〉2|gL〉3|gL〉4, the ini-
tial state must be |Φ±2 〉3,2. On the other hand, the measurement results |gR〉1|gL〉2|gR〉3|gL〉4, |gL〉1|gR〉2|gL〉3|gR〉4,
|gR〉1|gL〉2|gL〉3|gR〉4, and |gL〉1|gR〉2|gR〉3|gL〉4 correspond to the initial state of |Φ±3 〉3,2. The measurement results
|gR〉1|gR〉2|gR〉3|gL〉4, |gR〉1|gR〉2|gL〉3|gR〉4, |gL〉1|gL〉2|gR〉3|gL〉4, and |gL〉1|gL〉2|gL〉3|gR〉4 correspond to the initial
state of |Φ±4 〉3,2.
In essence, the measurement results of the four atoms are determined by the parity characteristics of the input photon
state. The four groups of C-GHZ states |Φ±1 〉3,2, |Φ±2 〉3,2, |Φ±3 〉3,2, and |Φ±4 〉3,2 have different parity characteristics.
For example, for |Φ±1 〉3,2, the parities of the photons in a1b1 and a2b2 modes and the parities of the photons in b1c1
and b2c2 modes are both the same. That is, both even (|L〉|L〉 or |R〉|R〉) or both odd (|L〉|R〉 or |R〉|L〉). For |Φ±2 〉3,2,
the parities of the photons in a1b1 and a2b2 modes are different, while those of the photons in b1c1 and b2c2 modes
are the same. For |Φ±3 〉3,2, the parities of the photons in a1b1 and a2b2 modes and the parities of the photons in b1c1
and b2c2 modes are both different. For |Φ±4 〉3,2, the parity of the photons in a1b1 and a2b2 modes are the same, while
those of the photons in b1c1 and b2c2 modes are different. In this way, the first step of our protocol is essentially to
make the parity check of the photon states with the help of the photonic Faraday rotation in low-Q cavity.
In the second step, we aim to distinguish the two C-GHZ states in each group. The discrimination processes of
the four groups are quite similar. In this way, we take the discrimination of |Φ±1 〉3,2 for example. After the atom
states measurement in the first step, if the measurement result of the four atoms is |gR〉1|gR〉2|gR〉3|gR〉4, |Φ±1 〉3,2 will
collapse to
|Φ±1 〉13,2 =
1√
2
(|L〉a1|L〉b1|L〉c1 ± |R〉a1|R〉b1|R〉c1)⊗ 1√
2
(|L〉a2|L〉b2|L〉c2 ± |R〉a2|R〉b2|R〉c2). (15)
If the measurement result is |gL〉1|gL〉2|gL〉3|gL〉4, |Φ±1 〉3,2 will collapse to
|Φ±1 〉23,2 =
1√
2
(|L〉a1|R〉b1|L〉c1 ± |R〉a1|L〉b1|R〉c1)⊗ 1√
2
(|L〉a2|R〉b2|L〉c2 ± |R〉a2|L〉b2|R〉c2). (16)
For the measurement result of |gR〉1|gR〉2|gL〉3|gL〉4, |Φ±1 〉3,2 will collapse to
|Φ±1 〉33,2 =
1√
2
(|L〉a1|L〉b1|R〉c1 ∓ |R〉a1|R〉b1|L〉c1)⊗ 1√
2
(|L〉a2|L〉b2|R〉c2 ∓ |R〉a2|R〉b2|L〉c2). (17)
Finally, for |gL〉1|gL〉2|gR〉3|gR〉4, |Φ±1 〉3,2 will collapse to
|Φ±1 〉43,2 =
1√
2
(|L〉a1|R〉b1|R〉c1 ∓ |R〉a1|L〉b1|L〉c1)⊗ 1√
2
(|L〉a2|R〉b2|R〉c2 ∓ |R〉a2|L〉b2|L〉c2). (18)
7Next, we take the operation on Eq. (15) for example. It can be found that we only need to distinguish
1√
2
(|L〉a1|L〉b1|L〉c1 ± |R〉a1|R〉b1|R〉c1) or 1√2 (|L〉a2|L〉b2|L〉c2 ± |R〉a2|R〉b2|R〉c2). Here, we choose to distinguish
1√
2
(|L〉a2|L〉b2|L〉c2 ± |R〉a2|R〉b2|R〉c2). If we obtain other cases in Eqs. (16)-(18), we can also transform the dis-
crimination objects to 1√
2
(|L〉a2|L〉b2|L〉c2 ± |R〉a2|R〉b2|R〉c2) with the help of the bit-flip operation. For exam-
ple, if we get |Φ±1 〉23,2, we need to distinguish 1√2 (|L〉a2|R〉b2|L〉c2 ± |R〉a2|L〉b2|R〉c2), which can be transformed to
1√
2
(|L〉a2|L〉b2|L〉c2± |R〉a2|R〉b2|R〉c2) with the bit-flip operation on the photon in b2 mode. For |Φ±1 〉33,2 and |Φ±1 〉43,2,
we can obtain the same results with the similar operation.
For distinguishing 1√
2
(|L〉a2|L〉b2|L〉c2+ |R〉a2|R〉b2|R〉c2) from 1√2 (|L〉a2|L〉b2|L〉c2−|R〉a2|R〉b2|R〉c2), we first make
the photons in the a2b2c2 modes pass through three HWPs, respectively. After the HWPs,
1√
2
(|L〉a2|L〉b2|L〉c2 ±
|R〉a2|R〉b2|R〉c2) will evolve to
1√
2
(|L〉a2|L〉b2|L〉c2 + |R〉a2|R〉b2|R〉c2)
→ 1
2
(|L〉a2|L〉b2|L〉c2 + |L〉a2|R〉b2|R〉c2 + |R〉a2|L〉b2|R〉c2 + |R〉a2|R〉b2|L〉c2), (19)
1√
2
(|L〉a2|L〉b2|L〉c2 − |R〉a2|R〉b2|R〉c2) (20)
→ 1
2
(|L〉a2|L〉b2|R〉c2 + |L〉a2|R〉b2|L〉c2 + |R〉a2|L〉b2|L〉c2 + |R〉a2|R〉b2|R〉c2). (21)
Next, the parties make another three-level atom trapped in a low-Q cavity, here named atom ”5”. The atom is
prepared in the ground state of |Ω5〉 = |gL〉. Then, they make the photons in a2b2c2 modes successively enter the
cavity and interact with atom ”5”. After the interaction, we can obtain
1√
2
(|L〉a2|L〉b2|L〉c2 + |R〉a2|R〉b2|R〉c2)⊗ |gL〉5
→ 1
2
(−|L〉a2|L〉b2|L〉c2 + |L〉a2|R〉b2|R〉c2 + |R〉a2|L〉b2|R〉c2 − |R〉a2|R〉b2|L〉c2)|gL〉5, (22)
1√
2
(|L〉a2|L〉b2|L〉c2 − |R〉a2|R〉b2|R〉c2)⊗ |gL〉5
→ 1
2
(|L〉a2|L〉b2|R〉c2 + |L〉a2|R〉b2|L〉c2 + |R〉a2|L〉b2|L〉c2 − |R〉a2|R〉b2|R〉c2)(i|gL〉5). (23)
Finally, the parties measure the state of atom ”5”. If the measurement result is |gL〉, the discrimination ob-
ject is 1√
2
(|L〉a2|L〉b2|L〉c2 + |R〉a2|R〉b2|R〉c2), while if the measurement result is i|gL〉, the discrimination object
is 1√
2
(|L〉a2|L〉b2|L〉c2 − |R〉a2|R〉b2|R〉c2).
So far, we can completely distinguish |Φ±1 〉3,2. In detail, under the case that the measurement result in the first step
is |gR〉1|gR〉2|gR〉3|gR〉4 or |gL〉1|gL〉2|gL〉3|gL〉4, if the measurement result in the second step is |gL〉, the initial photon
state is |Φ+1 〉3,2, while if the measurement result in the second step is i|gL〉, the initial photon state is |Φ−1 〉3,2. Under
the case that the measurement result in the first step is |gR〉1|gR〉2|gL〉3|gL〉4 or |gL〉1|gL〉2|gR〉3|gR〉4, the measurement
result |gL〉 in the second step corresponds to |Φ−1 〉3,2, while i|gL〉 corresponds to |Φ+1 〉3,2.
For other three groups {|Φ±2 〉3,2}, {|Φ±3 〉3,2}, and {|Φ±4 〉3,2}, the discrimination task can also be transformed to
distinguish 1√
2
(|L〉a2|L〉b2|L〉c2± |R〉a2|R〉b2|R〉c2) with the help of the bit-flip operation. For example, under the case
that the measurement result in the first step is |gR〉1|gL〉2|gR〉3|gR〉4, |Φ±2 〉3,2 will collapse to 1√2 (|L〉a1|L〉b1|L〉c1 ±
|R〉a1|R〉b1|R〉c1) ⊗ 1√2 (|R〉a2|L〉b2|L〉c2 ∓ |L〉a2|R〉b2|R〉c2). For distinguishing |Φ
+
2 〉3,2 from |Φ−2 〉3,2, we only need
to distinguish 1√
2
(|R〉a2|L〉b2|L〉c2 ∓ |L〉a2|R〉b2|R〉c2). After performing the bit-flip operation on the photon in a2
mode, we can transform 1√
2
(|R〉a2|L〉b2|L〉c2 ∓ |L〉a2|R〉b2|R〉c2) to 1√2 (|L〉a2|L〉b2|L〉c2 ∓ |R〉a2|R〉b2|R〉c2). If we ob-
tain |gL〉1|gR〉2|gR〉3|gR〉4, |gR〉1|gL〉2|gL〉3|gL〉4 or |gL〉1|gR〉2|gL〉3|gL〉4 in the first step, we can also transform the
discrimination objects in the second step to 1√
2
(|L〉a2|L〉b2|L〉c2 ± |R〉a2|R〉b2|R〉c2). Therefore, combined with the
measurement results of both two steps, we can completely distinguish the eight C-GHZ states.
In above discrimination process, we suppose each logic qubit is encoded in a Bell state. Actually, the logic qubit
can be encoded in a generalized GHZ state, that is, m > 2. In this way, the eight C-GHZ states in Eq. (7) can be
written as
|Φ±1 〉3,m =
1√
2
(|GHZ+m〉A|GHZ+m〉B|GHZ+m〉C ± |GHZ−m〉A|GHZ−m〉B |GHZ−m〉C),
8|Φ±2 〉3,m =
1√
2
(|GHZ−m〉A|GHZ+m〉B|GHZ+m〉C ± |GHZ+m〉A|GHZ−m〉B |GHZ−m〉C),
|Φ±3 〉3,m =
1√
2
(|GHZ+m〉A|GHZ−m〉B|GHZ+m〉C ± |GHZ−m〉A|GHZ+m〉B |GHZ−m〉C),
|Φ±4 〉3,m =
1√
2
(|GHZ+m〉A|GHZ+m〉B|GHZ−m〉C ± |GHZ−m〉A|GHZ−m〉B |GHZ+m〉C). (24)
Here,
|GHZ±m〉 =
1√
2
(|L〉⊗m ± |R〉⊗m). (25)
Our analysis protocol can also completely distinguish the C-GHZ states in Eq. (24). Before the discrimination
process described above, we require to perform m − 2 Hadamard operations on m − 2 photons in each logic qubit.
After the Hadamard operations, |GHZ±m〉 will evolve to
|GHZ±m〉 →
1√
2
[|L〉|L〉( 1√
2
(|L〉+ |R〉))⊗m−2 ± |R〉|R〉( 1√
2
(|L〉 − |R〉))⊗m−2]. (26)
Then, we measure the m− 2 photons in the basis of {|L〉, |R〉}. If the number of |R〉 is even, |GHZ±m〉 will collapse to
|φ±〉, while if the number of |R〉 is odd, |GHZ±m〉 will become |φ∓〉. In this way, we can finally transform the C-GHZ
states in Eq. (24) to the C-GHZ states in Eq. (7). It is noticed that in practical applications, we can increase the
number of physical qubit m to resist the environmental noise. This robust feature makes our analysis protocol quite
useful in the point to point quantum communication based on logic-qubit entanglement.
IV. THE COMPLETE C-GHZ STATE ANALYSIS WITH ARBITRARY N
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FIG. 3: The schematic drawing of our complete analysis protocol for the C-GHZ states with arbitrary N . The protocol also
includes two steps. In the first step, the parties need to prepare 2(N − 1) three-level atoms with the form of 1√
2
(|gL〉 + |gR〉)
trapped in 2(N − 1) low-Q cavities, respectively. In the second step, they need to prepare one three-level atom with the form
of |gL〉 trapped in another low-Q cavity.
9Interestingly, our analysis protocol can be extended to completely distinguish the C-GHZ states with arbitrary N .
For simplicity, we also suppose m = 2. Under this case, there are 2N C-GHZ states with the form of
|Φ±1 〉N,2 =
1√
2
(|φ+〉⊗N ± |φ−〉⊗N ),
|Φ±2 〉N,2 =
1√
2
(|φ−〉|φ+〉⊗N−1 ± |φ+〉|φ−〉⊗N−1),
· · · ,
|Φ±
2N−1
〉N,2 = 1√
2
(|φ+〉⊗N−1|φ−〉 ± |φ−〉⊗N−1|φ+〉). (27)
The basic principle of the complete analysis protocol is shown in Fig. 3. The analysis protocol also includes two
steps. In the first step, we first make each of the photons pass through a HWP, which transforms |φ−〉 to |ψ+〉, but
keeps |φ+〉 constant. After the HWPs, the 2N C-GHZ states in Eq. (27) will evolve to
|Φ±1 〉N,2 →
1√
2
(|φ+〉⊗N ± |ψ+〉⊗N ),
|Φ±2 〉N,2 →
1√
2
(|ψ+〉|φ+〉⊗N−1 ± |φ+〉|ψ+〉⊗N−1),
· · · ,
|Φ±
2N−1
〉N,2 → 1√
2
(|φ+〉⊗N−1|ψ+〉 ± |ψ+〉⊗N−1|φ+〉). (28)
Then, the parties prepare 2(N − 1) three-level atoms, named ”1”, ”2”, · · ·, ”N − 1”, and ”12”, ”22”, · · ·, ”(N − 1)2”
trapped in 2(N − 1) low-Q cavities, respectively. All the 2(N − 1) atoms are prepared in the same state of 1√
2
(|gL〉+
|gR〉). The parties make the photons in the a1b1, b1c1, · · ·, m1n1 modes pass through N − 1 cavities and interact
with the atoms ”1”, ”2”, · · ·, ”N − 1”, respectively. Meanwhile, they make the photons in the a2b2, b2c2, · · ·, m2n2
modes pass through another N − 1 cavities and interact with the atoms ”12”, ”22”, · · ·, ”(N − 1)2”, respectively. The
parties also adopt ”Delay” setup to control the time of the photon entering the cavity for ensuring only a photon
interact with the atom at a time. After all the photons exiting the cavities, we make the Hadamard operations on all
the 2(N − 1) atoms and measure them in the basis of {|gL〉, |gR〉}. Based on the parity features of the input photon
states, the different initial states will cause different measurement results. According to the measurement results, we
can divide the 2N C-GHZ states in Eq. (28) into 2N−1 groups, say {|Φ±1 〉N,2}, {|Φ±2 〉N,2}, · · ·, {|Φ±2N−1〉N,2}. For
example, for {|Φ±1 〉N,2}, the measurement results of the atoms ”1”, ”2”, · · ·, ”N−1” equal to those of the atoms ”12”,
”22”, · · ·, ”(N − 1)2”, respectively. For {|Φ±2 〉N,2}, the measurement result of the atom ”1” is different from that of
the atom ”12”, while the measurement results of the atoms ”2”, · · ·, ”N − 1” equal to those of the atoms ”22”, · · ·,
”(N − 1)2”, respectively. For {|Φ±3 〉N,2}, the measurement results of the atom ”1” and ”2” are different from those of
the atom ”12” and ”22”, respectively, while the measurement results of the atoms ”3”, · · ·, ”N − 1” equal to those of
the atoms ”32”, · · ·, ”(N − 1)2”, respectively. · · ·
The second step is to distinguish the two states in each of the 2N−1 groups. We also take the discrimination
of |Φ±1 〉N,2 for example. For the initial states of |Φ±1 〉N,2, we can obtain 2N−1 different measurement results in
the first step, which can be written as |g1〉1|g1〉12 |g2〉2|g2〉22 · · · |gn−1〉N−1|gn−1〉(N−1)2 , where |gi〉 = |gL〉 or |gR〉
(i = 1, 2, · · · , n − 1). When the measurement result is |gR〉1|gR〉12 |gR〉2|gR〉22 |gR〉3|gR〉32 · · · |gR〉N−1|gR〉(N−1)2 , the
initial state will collapse to
|Φ±1 〉N,2 →
1√
2
(|L〉a1 |L〉b1 |L〉c1 · · · |L〉n1 ± |R〉a1 |R〉b1 |R〉c1 · · · |R〉n1)
⊗ 1√
2
(|L〉a2 |L〉b2 |L〉c2 · · · |L〉n2 ± |R〉a2 |R〉b2 |R〉c2 · · · |R〉n2). (29)
In this way, we only need to distinguish 1√
2
(|L〉a2 |L〉b2 |L〉c2 · · · |L〉n2 ± |R〉a2 |R〉b2 |R〉c2 · · · |R〉n2). For achieving the
aim, the parties make the photons in the a2, b2, c2, · · · ,m2, n2 modes pass through N HWPs, respectively. After the
HWPs, 1√
2
(|L〉a2 |L〉b2 |L〉c2 · · · |L〉n2 ± |R〉a2 |R〉b2 |R〉c2 · · · |R〉n2) will evolve to
1√
2
(|L〉a2 |L〉b2 · · · |L〉n2 + |R〉a2 |R〉b2 · · · |R〉n2)→ (
1√
2
)N+1[(|L〉a2 + |R〉a2)(|L〉b2 + |R〉b2) · · · (|L〉n2 + |R〉n2)
+(|L〉a2 − |R〉a2)(|L〉b2 − |R〉b2) · · · (|L〉n2 − |R〉n2)], (30)
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and
1√
2
(|L〉a2 |L〉b2 · · · |L〉n2 − |R〉a2 |R〉b2 · · · |R〉n2)→ (
1√
2
)N+1[(|L〉a2 + |R〉a2)(|L〉b2 + |R〉b2) · · · (|L〉n2 + |R〉n2)
−(|L〉a2 − |R〉a2)(|L〉b2 − |R〉b2) · · · (|L〉n2 − |R〉n2)]. (31)
Then, the parties prepare an atom named atom ”N” in the ground state of |ΩN 〉 = |gL〉 and make it trap
in a low-Q cavity. The parties make all the photons after the HWPs successively pass through the low-Q cav-
ity and interact with the atom ”N”. After the interaction, the parties measure the atom ”N”. If the atom
state is |gL〉, the photon state must be 1√2 (|L〉a2 |L〉b2 · · · |L〉n2 + |R〉a2 |R〉b2 · · · |R〉n2), and the initial photon
state is |Φ+1 〉N,2. If the atom state is i|gL〉, the photon state is 1√2 (|L〉a2 |L〉b2 · · · |L〉n2 − |R〉a2 |R〉b2 · · · |R〉n2),
and the initial photon state must be |Φ−1 〉N,2. On the other hand, for |Φ±1 〉N,2, if we obtain other measure-
ment results in the first step, such as |gL〉1|gL〉12 |gR〉2|gR〉22 · · · |gR〉N−1|gR〉(N−1)2 , the initial state will collapse to
1√
2
(|R〉a1|L〉b1|L〉c1 · · · |L〉n1∓|L〉a1|R〉b1|R〉c1 · · · |R〉n1)⊗ 1√2 (|R〉a2|L〉b2|L〉c2 · · · |L〉n2∓|L〉a2|R〉b2|R〉c2 · · · |R〉n2). We
only need to distinguish 1√
2
(|R〉a2|L〉b2|L〉c2 · · · |L〉n2 ∓ |L〉a2|R〉b2|R〉c2 · · · |R〉n2). In this way, after performing a bit-
flip operation on the photon in the a2 mode, we can transform
1√
2
(|R〉a2|L〉b2|L〉c2 · · · |L〉n2∓|L〉a2|R〉b2|R〉c2 · · · |R〉n2)
to 1√
2
(|L〉a2|L〉b2|L〉c2 · · · |L〉n2 ∓|R〉a2|R〉b2|R〉c2 · · · |R〉n2). Therefor, for all the cases corresponding to 2N−1 measure-
ment results, |Φ±1 〉N,2 can be distinguished with the same approach.
If the initial state is |Φ±k 〉N,2 (k 6= 1), in the second step, the parties can also transform the photon states which need
to be measured into 1√
2
(|L〉a2|L〉b2|L〉c2 · · · |L〉n2 ± |R〉a2|R〉b2|R〉c2 · · · |R〉n2) with the help of the bit-flip operation.
Therefore, all the 2N C-GHZ states can be completely distinguished based on the measurement results of both two
steps.
Certainly, our analysis protocol can also completely distinguish the C-GHZ states with arbitrary N and m. As
described above, before the first analysis step, the parties need to first performm−2 Hadamard operation on them−2
photons in each logic qubit and then measure the m − 2 photons in the basis of {|L〉, |R〉}. After the measurement,
|GHZ±m〉 will become |φ±〉 under the case that the number of |R〉 is even. |GHZ±m〉 will become |φ∓〉 when the number
of |R〉 is odd. In this way, we can transform |Φ±k 〉N,m into |Φ±k 〉N,2, and realize the complete analysis with the principle
of the section.
V. DISCUSSION AND CONCLUSION
In the paper, we proposed a complete analysis protocol for the C-GHZ states with arbitrary N and m. Our protocol
includes two steps. Before the first step, we need to perform m − 2 Hadamard operation on m − 2 photons in each
logic qubit, and measure them in the basis of {|L〉, |R〉}. After the measurement, we can transform the C-GHZ states
with arbitrary m (m > 2) into the C-GHZ states with m = 2. In both two steps, we essentially make parity check for
the photon states with the help of the photo-atom interaction in low-Q cavities. In the first step, we require 2(N − 1)
three-level atoms trapped in 2(N − 1) low-Q cavities, respectively, and make all the photons in the 2N spatial modes
enter the cavities to interact with the atoms, respectively. After the photon-atom interaction, we can divide the 2N
C-GHZ states into 2N−1 groups according to measurement results of the atomic states. In the second step, we only
require one three-level atom trapped in a low-Q cavity, and make the N photons in the a2b2c2 · · ·n2 modes enter the
cavity and interact with the atom, successively. After the photon-atom interaction, we measure the atom state. In
this way, we can distinguish the two states in each of the 2N−1 groups based on the measurement results of the atomic
state. Therefore, we can completely distinguish the 2N C-GHZ states according to the atomic states measurement
results in both two analysis steps.
In our protocol, we essentially construct the parity check gate based on the photonic Faraday rotation in low-Q
cavity. Fortunately, the photonic Faraday rotation in low-Q cavity has been experimentally realized in some recent
research works. For example, in 2005, the group of Nuβmann once reported their experiment to precisely control
and adjust the individual ultracold 85Rb atoms coupled to a high-finesse optical cavity [68]. The states of |F 〉 = 2.
mF = ±1 of the 5S1/2 are chosen to be the two ground states |gL〉 and |gR〉, respectively. The transition frequency
between the ground states and the excited state at λ = 780nm is controlled as ω0 =
2pic
λ ≈ 2.42×1015Hz, and the cavity
length, cavity rate and the finesse are kept as L = 38.6µm, K = 2pi × 53MHz and F = 37000, respectively. Later,
Fortier et al. experimentally realized the deterministic loading of single 87Rb atoms into the cavity by incorporating a
deterministic loaded atom conveyor [69]. In the same year, Colombe et al. also reported their experiment on realizing
the strong atom-field coupling for Bose-Einstein condensates (BEC) in a fiber-based Fabry-Perot (F-P) cavity on
a chip [70]. They showed that the 87Rb BEC can be positioned deterministically anywhere within the cavity and
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localized entirely within a single antinode of the standing-wave cavity field. Based on their attractive experimental
results, our analysis protocol may be realized experimentally in the near future.
In theory, our analysis protocol can completely distinguish the 2N C-GHZ states with the success probability of
100%. However, in practical experimental conditions, some imperfections are still existed. For example, the first kind
of imperfection may come from the practical cavity condition. In our protocol, in order to obtain the input-output
relationship as Eq. (6), the frequency of the input coherent state ωp should satisfy ωp = ωc − κ2 = ω0 − κ2 , and the
photon-atom coupling strength should meet λ = κ2 . In practical experimental condition, the deviation of resonance△1 = ωc − ω0, and mismatch of coupling strength △2 = g − κ/2 may change the phase shift of photonic Faraday
rotation as φ − φ0 = pi/2 + σ, where σ is a small quantity. Based on the calculation of Ref. [64], the exist of σ will
cause errors in both two analysis steps. Fortunately, based on the experimental results from Refs. [68–70], we can
control the reflectivity of the input coherent state by manipulating the position of a single 87Rb and precisely tuning
the atom-cavity coupling strength. In this way, the value of σ can be controlled very small, and the error probability
(Perror) can be controlled quite low. On the other hand, the imperfections may also come from the detection efficiency
for both the single-photon and single-atom measurement. The detection efficiency indicates when the single photon
(atom) enters the single-photon (atom) detector, the detector can register it with the probability of η. In current
experimental condition, neither the single-photon detection efficiency (ηp) nor the single-atom detection efficiency
(ηa) can reach 100%. In our protocol, we need to measure the states of m − 2 photons in each logic qubit prior to
the discrimination and measure the states of 2N − 1 three-level atoms in two steps. If the photon (atom) detector
does not register the photon (atom), it will cause a failure of our protocol. According to the above two imperfection
factors, we can calculate the total success probability (PN,m) of our protocol as
PN,m = (ηp)
N(m−2)(ηa)2N−1(1− Perror). (32)
Recently, many research works about the single-atom and single-photon detections have been reported. For example,
in 2010, Heine et al. reported that they have achieved ηa = 66% in the experiment. Moreover, they have shown that
with some improvement, the single atom detection efficiency can achieve ηa > 95% in theory [71]. The single photon
detection has been a challenge under current experimental conditions, for the quantum decoherence effect of the
photon detector [72]. Lita et al. reported their experimental result about the near-infrared single-photon detection.
They showed the ηp at 1556 nm can reach 95%± 2% [73]. Based on their results, we make the numerical simulation
on the PN,m of our protocol. We assume ηa = ηp = 90% and Perror = 0.05. In this way, we can calculate that
P3,2 ≈ 0.561, P3,3 ≈ 0.409, and P4,3 ≈ 0.298. Therefore, it can be found that with the growth of N and m, PN,m will
decrease largely.
In conclusion, we proposed a completely analysis protocol for the arbitrary C-GHZ states with the help of some
auxiliary single atoms trapped in the low-Q cavities. The protocol includes two steps. In both two steps, we essentially
adopt the QED in low-Q cavity, say the photonic Faraday rotation to perform the parity check for the photonic states.
In the first step, we can divide the 2N C-GHZ states into 2N−1 groups according to different measurement results of
the 2(N − 1) auxiliary single atoms. In the second step, we can distinguish the two C-GHZ states in each of 2N−1
groups based on the measurement result of another auxiliary single atom. In this way, our protocol can completely
distinguish all the 2N C-GHZ states. In ideal experimental condition, the success probability of our protocol can
reach 100%, and the number of physical qubit encoded in each logic qubit does not affect the protocol. As we can
increase the number of physical qubit in each logic qubit to resist the environmental noise, this robust feature make
our protocol quite useful in the point to point quantum communication based on logic-qubit entanglement.
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